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The objective of the present paper is to analyse the static behaviour of elastic two-layer
beams with interlayer slip. The Euler–Bernoulli hypothesis is assumed to hold for each
layer separately, and a linear constitutive equation between the horizontal slip and the
interlaminar shear force is considered. The applied loads act in the plane of symmetry of
the composite beam, and the material and geometrical properties do not depend on the
axial coordinate. Closed-form solutions for displacements and interlayer slips are devel-
oped. A second order differential equation is derived for the interlayer slip whose solution
is used to determine the deﬂections and slopes. Examples illustrate the application of the
method presented.
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Layered beams made of different linearly elastic materials are frequently used in the constructions and they create grow-
ing interest in different engineering sectors, where both high strength-to-weight and stiffness-to-weight ratio are required.
There exist many ways to get connection between layers made by different materials. If the beam components are connected
by means of strong bonds, the connection is considered as perfect in the sense that no displacement discontinuities occur at
the interface between the components, so that this type of the layered beams can be modeled as a non-homogeneous beam
[1,2]. In many other cases, the connection is weak in shear, permitting only the relative slip but preserving the contact in
normal direction.
The pioneering work on laminated beams with weak shear connections was conducted by Newmark et al. [3] on a com-
posite beam. The static analysis done by Newmark et al. [3] is based on the Euler–Bernoulli beam theory and become a basis
of the subsequent investigations of layered beam systems with interlayer slip. A laminated beam theory with interlayer slip
based on Timoshenko beam theory was developed by Murakami [4]. Exact ﬁrst and second order static analyses for compos-
ite beam-columns with partial interaction subjected to transverse and axial loading was presented by Girhammar and Gupu
[5]. Papers mentioned above give mainly closed form solutions for static bending problems of composite beam with weak
shear connection. Thompson et al. [6] developed a ﬁnite element program to analyse the static behaviour of beam systems
with weak shear connection. Two and three-ﬁeld mixed ﬁnite element formulations for the linear and nonlinear analysis of
partially connected composite beams are presented by Ayoub in [7] and Dall’Asta and Zona in [8].
Girhammar and Pan [9] derived, by using variational methods, the ordinary differential equations for the deﬂection and
internal actions and all the pertaining admissible boundary conditions for partially composite Euler–Bernoulli beams and
beam-columns. In paper by Girhammar and Pan [9] static loading conditions, including transverse and axial loading and ﬁrst
an second order analysis were considered. A simpliﬁed analysis and design method for composite members with partial
interaction that predict the deﬂections and stresses has been proposed by Girhammar [10]. The presented approximate. All rights reserved.
sedi), mechab@uni-miskolc.hu (A. Baksa).
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reﬂects the inﬂuence of the interlayer slip, and depends on the shear connector stiffness including slip modulus, cross-sec-
tional material-geometrical properties and beam length [10].
The present paper deals with two layer beams with interlayer slip giving an analytical method. A slip-deﬂection formu-
lation is developed which is based on a second order differential equation of the interlayer slip and the expression of bending
moment in terms of slip and deﬂection. The problem is approached by assuming a kinematical model where the two beam
components separately follow the Euler–Bernoulli hypothesis. A linear constitutive equation between the horizontal slip and
interlaminar shear force is considered. The applied transverse loads act on the plane of symmetry of composite beam, and
the geometrical and material properties are independent of the axial coordinate. This paper deals with only the plane prob-
lem of bending, where a symmetric two-layer beam undergoes vertical loads lying on its symmetry plane. Static equilibrium
problems are considered. Solution is based on a system of differential equations whose equations can be solved step by step.
2. Governing equations
In the reference conﬁguration the composite beam with two components occupies the cylindrical region B = A  (0,L)
generated by translating its cross section A with a regular boundary @ A along a rectilinear axis, normal to the cross section.
The cross section A is divided into two parts A1 and A2 by a curve @A12 describing the position of continuous connection such
that (Fig. 1)Bi ¼ Ai  ð0; LÞ ði ¼ 1;2Þ; ð1Þ
A ¼ A1 [ A2; B ¼ B1 [ B2; ð2Þ
@Ai ¼ @Ai0 [ @A12 ði ¼ 1;2Þ; @A ¼ @A10 [ @A20: ð3ÞHere, L is the length of the beam. A point P in B ¼ B [ @B ( @B is the boundary surface of B) is indicated by the position vector
r = xex + yey + zez, where x, y, z and ex, ey, ez are referred to a rectangular coordinate system Oxyz. The z axis is located in the E-
weighted center line of the whole fully composite beam, and the plane yz is the plane of symmetry for the geometrical and
material properties and loading conditions. ex, ey, ez are the unit vectors along the coordinate axis x, y and z, respectively. The
center of Ai is denoted by Ci (i = 1,2), and C is the E-weighted center of the whole cross section A = A1 [ A2. The positions of C1
and C2 on an axis y with respect to C  O can be obtained asc1 ¼ jCC1
!
j ¼ A2E2hAEi c; c2 ¼ jCC2
!
j ¼ A1E1hAEi c; ð4Þ
c ¼ c1 þ c2 ¼ jC2C1
!
j; hAEi ¼ A1E1 þ A2E2: ð5Þ
Here, Ei is the Young modulus of beam component Bi with cross section Ai (i = 1,2), and we remark that, the y coordinate of C1
is positive (y1 = c1) and the y coordinate of C2 is negative (y2 = c2) (Fig. 1).
According to the Euler–Bernoulli hypothesis (kinematical assumption) which is valid for each homogeneous individual
beam components the deformed conﬁguration is described by the displacement ﬁeld u = u(x,y,z)ex + v(x,y,z)ey + w(x,y,z)ez
which has the formu ¼ 0 in B; ð6Þ
v ¼ vðzÞ in B; ð7Þ
w ¼ wðy; zÞ ¼ wiðzÞ  ydvdz ðx; y; zÞ 2 Bi ði ¼ 1;2Þ: ð8ÞFig. 1. Two-layered beam with weak shear connection.
Fig. 2. Kinematic model of composite beam with interlayer slip.
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describes the rigid translation of the cross section Ai (i = 1,2) at z and the second part of w =w(y,z) describes the axial dis-
placement of Ai (i = 1,2) az z derived from the deﬂection v = v(z) as illustrated in Fig. 2. In Fig. 2 C0i (i = 1,2) denotes the centre
of Ai (i = 1,2) in the deformed conﬁguration of the considered cross section.
On the common boundary of beam components the axial displacement w has jump which is called the interlayer slip.
Application of the strain–displacement relationships of the linearized theory of elasticity yieldex ¼ ey ¼ cxy ¼ cyz ¼ czx ¼ 0; ð9Þ
ez ¼ dwidz  y
d2v
dz2
ðx; y; zÞ 2 Bi ði ¼ 1;2Þ; ð10Þwhere ex, ey, ez are the longitudinal strains, cxy, cyz, czx are the shearing strains.
Simpliﬁed form of the Hooke’s law givesrz ¼ Ei dwidz  y
d2v
dz2
 !
in Bi ði ¼ 1;2Þ; ð11Þwhere rz is the normal stress in axial direction. We deﬁne the following section forces and momentsN1 ¼
Z
A1
rzdA ¼ E1A1 dw1dz  c1
d2v
dz2
 !
; ð12Þ
N2 ¼
Z
A2
rzdA ¼ E2A2 dw2dz þ c2
d2v
dz2
 !
; ð13Þ
M1 ¼
Z
A1
yrzdA ¼ c1E1A1 dw1dz  E1I1
d2v
dz2
; ð14Þ
M2 ¼
Z
A2
yrzdA ¼ c2E2A2 dw2dz  E2I2
d2v
dz2
; ð15Þwhere Ii ¼
R
Ai
y2dA ði ¼ 1;2Þ. Eqs. (12)–(15) show that the normal stresses acting on cross section Ai (i = 1,2) is equivalent to a
force-couple system (Ni,Mi) (i = 1,2) at C. The force-couple system (Ni,Mi) (i = 1,2) is illustrated in Fig. 3. A simple computa-
tion gives for the total normal force N and for the total bending moment M the next results
Fig. 3. Normal forces and bending moments.
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dw2
dz
; ð16Þ
M ¼ M1 þM2 ¼ c1E1A1 dw1dz  c2E2A2
dw2
dz
 fEIgd
2v
dz2
; ð17ÞwherefEIg ¼ E1I1 þ E2I2: ð18ÞThe analysis of the composite beams with interlayer slip is restricted to the case of absent axial forces, that isN ¼ N1 þ N2 ¼ E1A1 dw1dz þ E2A2
dw2
dz
¼ 0; 0 6 z 6 L: ð19ÞThe interlayer slip in axial direction deﬁned on the common boundary @B12 = @A12  (0,L) of beam components B1 and B2 as a
difference of axial components of displacement w given by Eq. (8) as (Fig. 2)sðx; y; zÞ ¼ w1ðzÞ w2ðzÞ ðx; yÞ 2 @A12; 0 6 z 6 L: ð20Þ
The interlayer slip s is assumed to be a linear function of the shear force T transmitted between the two beam components,
that is, we have [5]T ¼ ks; ð21Þ
where k is a constant, it is called the slip modulus. Units of T and k are½T ¼ force
length
; ½k ¼ force
½length2
:From Eqs. (19) and (20) we get@w1
@z
¼ E2A2hAEi
ds
dz
;
@w2
@z
¼  E1A1hAEi
ds
dz
: ð22ÞIt is very easy to point out thatN1 ¼ hAEi1
ds
dz
 c d
2v
dz2
 !
; ð23Þby the use of Eqs. (12), (22)1. In Eq. (23) hAEi1 is deﬁned as
1
hAEi1
¼ 1
A1E1
þ 1
A2E2
: ð24ÞStarting from Eq. (17) an using Eq. (22) after somemanipulations we have a fundamental formula for the bending momentM
as
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2v
dz2
þ chAEi1
ds
dz
: ð25ÞApplication of the condition of equilibrium for forces in axial direction to the beam component B1 gives (Fig. 4)dN1
dz
 T ¼ 0: ð26ÞIn Fig. 4, H is the centre of ‘‘inter” boundary curve @A12. Substitution of the expression of T and N1 given by Eqs. (21) and (23)
into Eq. (26) yieldshAEi1
d2s
dz2
 c d
3v
dz3
 !
 ks ¼ 0; 0 < z < L: ð27ÞFrom Eqs. (25) and (27) we can eliminate v = v(z) by the use of next equation. (Fig. 5)VðzÞ ¼ dM
dz
¼ fEIgd
3v
dz3
þ chAEi1
d2s
dz2
: ð28ÞIn Eq. (28) V = V(z) is the shear force and in Fig. 5, fy = fy(z) is the applied vertical load. The elimination of v from Eqs. (27) and
(28) gives the resultd2s
dz2
 k fEIghAEi1hEIi
sþ chEIiV ¼ 0; ð29ÞFig. 4. Equilibrium condition in z direction for a small beam element DB1.
Fig. 5. Shear force, bending moment and applied vertical load on a small beam element DB = DB1 [ DB2.
1744 I. Ecsedi, A. Baksa / Applied Mathematical Modelling 35 (2011) 1739–1750wherehEIi ¼ fEIg  c2hAEi1: ð30Þ
The virtual work of the section forces and moment on a kinematically admissible displacement ﬁeld ~u ¼ ~vex þ ~wez can be
computed asW ¼
Z
A
rz ~wdAþ
Z
A
syz~vdA ¼
X2
i¼1
Z
Ai
rz ~wi  yd
~v
dz
 
dAþ
Z
A
syz~vdA ¼ V ~v þM~wþ N1ð~w1  ~w2Þ
¼ V ~v þ N1~sþM~w; ð31Þ
where ~w is the rotation of cross section (slope) according to the Euler–Bernoulli beam theoryw ¼ dv
dz
; ~w ¼ d~v
dz
 
: ð32ÞIn Eq. (31), we have used the deﬁnition of shear forceV ¼
Z
A
syz dA;where syz denotes the shearing stress.
From Eq. (31) we obtain the possible combinations of boundary conditions at the end cross sectionsV or v may be prescribed; ð33Þ
N1 or s may be prescribed; ð34Þ
M or w may be prescribed; ð35ÞIn the following, according to Eqs. (33)–(35), three classical boundary conditions are listed in Table 1.
Here, we note for free and simply supported end cross section from Eqs. (23) and (25) and from the boundary conditions
N1 = 0, M = 0 it follows thatds
dz
¼ 0: ð36ÞIf the prescribed boundary conditions consist of next equations (Table 2)N1 ¼ 0 and M ¼ M; ð37Þ
where M is given than we haveM ¼ hEIid
2v
dz2
¼ hEIi
c
ds
dz
: ð38ÞTable 1
Three classical boundary conditions.
Type Boundary condition
s = 0, v = 0, w = 0 (Kinematical boundary condition)
N1 = 0, V = 0, M = 0 (Force boundary condition)
v = 0, N1 = 0, M = 0 (Mixed boundary condition)
Table 2
Boundary conditions with nonzero end moment.
Type Boundary condition
N1 ¼ 0; V ¼ 0; M – 0
v ¼ 0; N1 ¼ 0; M – 0
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We introduce X by the next deﬁnitionX2 ¼ k fEIghAEi1hEIi
: ð39ÞThe unit of X is [X] = 1/length.
The general solution of the second order differential Eq. (29) is as followssðzÞ ¼ a1 coshXzþ a2 sinhXzþ s0ðzÞ 0 6 z 6 L; ð40Þwhere a1, a2 are arbitrary constants and s0 = s0(z) is the next particular solution of inhomogenous Eq. (29)s0ðzÞ ¼  chEIiX
Z z
0
VðfÞ sinhXðz fÞdf: ð41ÞFrom Eq. (41) it follows thatds0
dz
¼  chEIi
Z z
0
VðfÞ coshXðz fÞdf: ð42ÞIt is very easy to prove thats0ð0Þ ¼ 0; ds0dz jz¼0 ¼ 0: ð43ÞIf the end cross section at z = 0 is ﬁxed then we have s(0) = 0. Combination of this equation with Eqs. (40) and (41) gives
a1 = 0. If the end cross section at z = 0 is free or simply supported then we have N1(0) = 0 and M(0) = 0. The combination
of the latter equations with Eqs. (23) and (25) gives dsdz ¼ 0 at z = 0. From this equation and Eqs. (40) and (42) we obtain
a2 = 0.
From the boundary conditions s = 0 which is valid for ﬁxed end or dsdz ¼ c MhEIi which is valid for boundary conditions listed
in Table 2 furthermore for free and simply supported boundary conditions when M ¼ 0 we can determine a1 and a2.
Knowing the interlayer slip function, we return the formula of bending moment which is given by Eq. (25). Repeated inte-
gration of Eq. (25) gives the expressions of slope and deﬂectionfEIgðwðzÞ  wð0ÞÞ ¼
Z z
0
MðfÞdf chAEi1ðsðzÞ  sð0ÞÞ; ð44Þ
fEIgðvðzÞ  vð0ÞÞ þ fEIgwð0Þz ¼ 
Z z
0
ðz fÞMðfÞdfþ chAEi1
Z z
0
sðfÞdf sð0Þz
 
: ð45ÞIn the derivation of Eq. (45) the next equation has been usedZ z
0
Z f
0
MðgÞdg
 
df ¼ f
Z f
0
MðgÞdg
 z
0

Z z
0
fMðfÞ df ¼
Z z
0
ðz fÞMðfÞdf: ð46ÞHere, it has been assumed that the bending moment is a ‘‘known” function of the applied loads and reactions. Expression of
M =M(z) contains the force boundary conditions concerning with V and M.
Fig. 6. Composite cross section with the property c = 0.
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is a rectangle whose vertices are points P4, P5, P6, P7 and A2 is a polygon with vertices P1, P2, P3, P4, P5, P6 and P7 as shown in
Fig. 6. For this case from Eqs. (12)–(15) and Eqs. 17,19,29,30 it follows thatN1 ¼ N2 ¼ A1E1 dw1dz ¼ A2E2
dw2
dz
¼ hAEi1
ds
dz
;
M1 ¼ E1I1 d
2v
dz2
; M2 ¼ E2I2 d
2v
dz2
; M ¼ fEIgd
2v
dz2
;
d2s
dz2
x2s ¼ 0; x2 ¼ khAEi1
; fEIg ¼ hEIi:The above equations show that if c = 0 then the computations of deﬂection v = v(z) and of slip s = s(z) can be done each other
independently.
It should be remarked that, for statically indeterminate beams, the expression of s = s(z) containing the unknown redun-
dant reactions whose values can be computed from the prescribed slope and deﬂection constrains by the use of Eqs. (44) and
(45).
4. Examples
4.1. Simply supported beam
The method presented in Section 3 is illustrated on a simply supported composite beam with weak shear connection. The
supporting and loading conditions are shown in Fig. 7.
In the present problem the boundary conditions for v = v(z) and s = s(z) can be formulated asvðzÞ ¼ 0; ds
dz
¼ 0 z ¼ 0 and z ¼ 2a: ð47ÞIt is evidentVðzÞ ¼  F1
2
HðzÞ þ F1Hðz aÞ; ð48Þ
MðzÞ ¼  F1
2
zþ F1Hðz aÞðz aÞ; ð49ÞFig. 7. Simply supported composite beam with interlayer slip and the loading parameters.
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1 z > 0:

: ð50ÞFrom Eqs. (40)–(42), (47)2 and (48) it follows thatsðzÞ ¼ cF1hEIiX2
coshXz coshXa
2 coshXa
þ Hðz aÞ 1 coshXðz aÞ½ 
 
: ð51ÞApplication of Eqs. (45) and (47)1 givesvðzÞ ¼ wð0Þzþ FfEIg
z3
12
 Hðz aÞ ðz aÞ
3
6
þ c
2hAEi1
hEIiX3
sinhXzXz
2 coshXz
þ Hðz aÞ Xðz aÞ  sinhXðz aÞ½ 
 ( )
; ð52Þwherewð0Þ ¼ FfEIg
a2
4
 c
2hAEi1
2hEIiX2
1 coshXa
coshXa
 !
: ð53ÞFig. 8 gives the geometry of cross section used with the following datac1 ¼ CC1 ¼ E2h2ðh1 þ h2Þ2ðE1h1 þ E2h2Þ ; c2 ¼ CC2 ¼
E1h1ðh1 þ h2Þ
2ðE1h1 þ E2h2Þ ; C2C1 ¼
h1 þ h2
2
; ð54Þ
A1 ¼ h1b; A2 ¼ h2b; hAEi ¼ bðE1h1 þ E2h2Þ; hAEi1 ¼
E1E2h1h2
E1h1 þ E2h2 b; ð55Þ
I1 ¼ h
3
1b
12
þ c21h1b; I2 ¼
h32b
12
þ c22h2b; ð56Þ
E1 ¼ 5 1011Nm
2
; E2 ¼ 7 1010Nm
2
; h1 ¼ 0:02 m; h2 ¼ 0:04 m; b ¼ 0:03 m: ð57ÞFor some value of k, the deﬂections obtained from Eq. (52) are shown in Fig. 9. We note
 if there is no bond between the beam components then k = 0, and the bending rigidity of the cross section is hEIi,
 if the bond is perfect (rigid) between the beam components then k =1 and the bending rigidity of the cross section is {EI}.
The following values of k have been used in the case of ‘‘elastic” bond to get the curve of deﬂections k = 100 N/m2,
k = 107 N/m2, k = 5  107 N/m2, k = 109 N/m2 in Fig. 9 and k =1 N/m2 in Fig. 10.
4.2. Composite beams with one end ﬁxed and the other end loaded
Three types of the loading conditions are considered and in the all cases we have (Fig. 11)vð0Þ ¼ 0; wð0Þ ¼ 0; sð0Þ ¼ 0: ð58ÞFig. 8. Cross section of the simply supported beam.
Fig. 9. Deﬂections of the simply supported composite beam with imperfect bond (a = 1 m).
Fig. 10. Deﬂections of the simply supported composite beam with perfect bond (a = 1 m).
(a) (b)
(c)
Fig. 11. Three types of the loading case for composite cantilever beam.
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Solution to the equilibrium problem speciﬁed by boundary condition (59) is obtained from Eq. (40), where s0(z) = 0 and Eqs.
(44), (45)s1 ¼ Z0 fEIghEIihAEi1X
sinhXz
coshXL
¼ Z0Xk
sinhXz
coshXL
; ð60Þ
w1ðzÞ ¼ Z0
c
hEIiX
sinhXz
coshXL
; ð61Þ
v1ðzÞ ¼ Z0 chEIiX2
coshXz 1
coshXL
: ð62ÞHere, we note in this case the normal stresses acting on A1 at z = L are equivalent to a single axial force Z0 whose point of
application is the E-weighted centre C of the whole cross section A.
The remainder part of end cross section A2 is loaded by normal stresses such that they are equivalent to a single axial force
Z0 whose point of application is also the E-weighted centre of the whole end cross section A. The normal stresses on Ai
(i = 1,2) are linear functions of the cross-sectional coordinate y according to Eq. (14).
 The boundary conditions at z = L for the case shown in Fig. 11b are as followsVðLÞ ¼ F0; MðLÞ ¼ 0; N1ðLÞ ¼ 0: ð63Þ
Solution to the equilibrium problem speciﬁed by boundary condition (63) is also obtained from Eqs. (40), (44) and (45) ass2ðzÞ ¼ cF0hEIiX2 ½sinhXz tanhXLþ 1 coshXz; ð64Þ
w2ðzÞ ¼
F0
fEIg
z2
2
 Lz c
2hAEi1
hEIiX2 ðsinhXz tanhXLþ 1 coshXz
" #
; ð65Þ
v2ðzÞ ¼ F0fEIg 
z3
6
þ L
2
z2 þ c
2hAEi1
hEIiX3 ðcoshXz 1Þ tanhXLþXz sinhXzð Þ
" #
: ð66Þ The third loading case is shown in Fig. 11c. The boundary conditions at z = L are
VðLÞ ¼ 0; MðLÞ ¼ M0; N1ðLÞ ¼ 0: ð67ÞBy a similar procedure, as in the above two cases, leads to the results3ðzÞ ¼ c M0hEIiX
sinhXz
coshXL
; ð68Þ
w3ðzÞ ¼
M0
fEIg zþ c
2 hAEi1
hEIiX
sinhXz
coshXL
 
; ð69Þ
v3ðzÞ ¼ M0fEIg 
z2
2
 c2 hAEi1hEIiX2
coshXz 1
coshXL
" #
; ð70ÞIt is very easy to check according to the Betti’s reciprocal theorem, we havev1ðLÞ
Z0
¼ s2ðLÞ
F0
¼ chEIiX2
coshXL 1
coshXL
; ð71Þ
w1ðLÞ
Z0
¼ s3ðLÞ
M0
¼  chEIiX tanhXL; ð72Þ
w2ðLÞ
F0
¼ v3ðLÞ
M0
¼ 1fEIg 
L2
2
 c
2hAEi1
hEIiX2
coshXL 1
coshXL
" #
: ð73Þ4.3. Statically indeterminate beam
Fig. 12 shows a two-layered beam with weak shear connection and its support and loading conditions. M1 is the applied
couple (Fig. 12). The boundary conditions for ﬁxed–ﬁxed end beam are as followsvðzÞ ¼ 0; dv
dz
¼ 0; sðzÞ ¼ 0 at z ¼ 0 and z ¼ 2a: ð74Þ
Fig. 12. Statically indeterminate two-layered beam with weak shear connection.
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MðzÞ ¼ M0  F0zM1Hðz aÞ; ð76Þwhere F0 and M0 are the unknown reactions at z = 0, their values can be obtained from the kinematical boundary conditionsvðzÞ ¼ 0; dv
dz
¼ 0 at z ¼ 2a: ð77ÞA detailed computation which based on Eqs. (40), (41), (44), (45) and (74)–(76) givesF0 ¼ M1
4a c
2hAEi1
hEIiðXaÞ3 ðtanhXaXaÞ  13
h i ; ð78Þ
M0 ¼ M12 þ F0a; ð79Þ
sðzÞ ¼ cF0hEIiX2 ðcoshXz tanhXa sinhXz 1Þ; ð80Þ
fIEgwðzÞ ¼ M1
2
zM1Hðz aÞðz aÞ þ F0 az z
2
2
 
 c
2hAEi1
hEIiX2 coshXz tanhXa sinhXzð Þ
" #
: ð81Þ
fIEgvðzÞ ¼ M1
4
z2 þM1Hðz aÞ ðz aÞ
2
2
F0 a z
2
2
 z
3
6
 
 c
2hAEi1
hEIiX3 sinhXz tanhXa coshXz 1ð Þ Xzð Þ
" #
: ð82Þ5. Conclusions
An analytical model has been developed to study the bending behavior of a two-layered composite beamwith weak shear
connection. The Euler–Bernoulli beam model and a linear constitutive law for the shear connector are used. Analytical solu-
tion for the interlayer slip is obtained from solution of a second order ordinary differential equation, after it, a repeated inte-
gration gives the slopes and deﬂections. The solutions of presented examples can be used as benchmark solutions for the
existing approximate solutions of two-layered elastic beams with interlayer slip.
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